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Abstract 

In this paper, we study Lie 2-bialgebras, with special attention to coboundary ones, with the 
help of the cohomology theory of Loo-algebras with coefficients in Loo-modules. We construct 
examples of strict Lie 2-bialgebras from left-symmetric algebras and symplectic Lie algebras. 

Contents 

1 Introduction 



Lie 2-bialgebras 

2.1 Lie 2-algebras via Loo-algebras . 

2.2 Loo-modules and Loo-cohomology 

2.3 Loo-bialgebras 

2.4 Strict case 



*The first author thanks the support by NSFC (10920161) and SRFDP (200800550015). The second author is 
supported by NSFC (11026046,11101179), SRFDP (20100061120096) and "the Fundamental Research Funds for the 
Central Universities" (200903294). The third author is supported by the German Research Foundation (Deutsche 
Forschungsgemeinschaft (DFG)) through the Institutional Strategy of the University of Gottingen. 

Keyword: Loc-bialgebras, Lie 2-algebras, Lie 2-bialgebras, left-symmetric algebras, symplectic Lie algebras 

°MSC: Primary 17B65. Secondary 18B40, 58H05. 



1 



Strict Lie 2-bialgebras 

3.1 Matched pairs 

3.2 Manin triple 

3.3 Equivalence of Manin triples, matched pairs and Lie 2-bialgebras . . . . 

3.4 Coboundary strict Lie 2-bialgebras and classical Yang-Baxter equations 



Constructions of strict Lie 2-bialgebras from left-symmetric algebras and sym- 
plectic Lie algebras |21 

4.1 Examples from left-symmetric algebras [21 

4.2 Examples from symplectic Lie algebras [24 



1 Introduction 

In this paper, we study the concept of a Lie 2-bialgebra with the hope to provide a certain categori- 
fication of the concept of a Lie bialgebra. We find a series of equations which can serve as higher 
classical Yang-Baxter equations, and give various solutions, thus naturally generating examples of 
Lie 2-bialgebras. For the construction of solutions, we use the tool of left-symmetric algebras (also 
known as pre-Lie algebras) and symplectic Lie algebras. The integration of Lie 2-bialgebra to a 
Quasi-Poisson Lie 2-group is studied in details in [TJ] . 

A Lie bialgebra [T7] is a pair of Lie algebra structures on dual vector spaces such that some 
compatibility conditions between them are satisfied. Lie bialgebras are the infinitesimal objects 
of Poisson-Lie groups. Both Lie bialgebras and Poisson-Lie groups are considered as semiclassical 
limits of quantum groups. Triangular quantum groups involve the solutions of quantum Yang- 
Baxter equations. In the classical limit, the solutions of classical Yang-Baxter equations provide 
examples of Lie bialgebras. 

The categorification of Lie algebras are provided by 2-term Loo-algebras (they are also called 
Lie 2-algebras) [2]. The concept of Loo-algebras (sometimes called strongly homotopy (sh) Lie 
algebras) was originally introduced in [2U [33] as a model for "Lie algebras that satisfy Jacobi 
identity up to all higher homotopics". The structure of Lie 2-algebras also appears widely in string 
theory, multisymplectic geometry [3J|3j, and Courant algebroids [3SJ [2H1 [3T] . Thus, to give a model 
for the categorification of Lie bialgebras, it is natural to consider a pair of Lie 2-algebra structures 
on dual 2-term complexes of vector spaces with some higher compatibility conditions, namely, a 
"2-term Loo-bialgebra". But how does one allow homotopy inside a Lie bialgebra structure? A very 
nice method is explained by Kravchenko in [22] via higher derived brackets ffj [33] and Kosmann- 
Schwarzbach's big bracket [20 : given a vector space V, we view the bracket I e A 2 V* ® V and 
cobracket c£F8 A 2 V as elements in A*(V © V*), then a Lie bialgebra structure on (V, V*) is 
equivalent to ((I + c,l + cj) = 0, where ((•, •)) is the big bracket defined by extending the natural 
paring between V and V* via the graded Leibniz rule: 

((v, u A w)) = ((v, u)) A w ± u A ((v, w)) . 

Using this idea, Kravchenko then generalizes the above to a Z-graded vector space V, and defines 
an Loo-bialgebra. However, in this setting, although a 2-term Loo-bialgebra gives a Lie 2-algebra 
structure on V, it does not give a Lie 2-algebra structure on the dual V* . If one expects that 
a good categorification of Lie bialgebras should consist of Lie 2-algebra structures on V and V* 
along with some compatibility conditions between them, then Kravchenko's Loo-bialgebra needs 
to be modified. In 13J, the authors nicely applied a simple shift to solve this problem. We adapt 
the shifting trick to our setting and have: 
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Definition 1.1. [Sect. 12. 3| Let V := Vq ® V-\ be a 2-term Z-graded vector space. A Lie 2- 
bialgebra structure on (V, V*) is given by degree 4 elements l p 6 Sym p,1 (V*[— 1] ® V[— 2]) and 
c q £ S'ym 1 '9(V"*[-l]®V r [-2]) with h = a, for p, q G {1,2,3}, such that (( E c <? + E c g + W) = °- 

We observe that a first example of Lie 2-bialgebra is that of a Lie bialgebra g: which can be 
viewed as a Lie 2-bialgebra g © g (see Remark 13. 9p . 

Proposition 1.2. If (V, V*,l% — c\, h, h, c%, C3) is a Lie 2-bialgebra, then both (V,li,l2,h) and 
(V*[l], ci, C2, C3) are Lie 2-algebras. 

Thus, Zp's and c g 's are understood as brackets and cobrackets respectively. Furthermore, we 
find the compatibility conditions between brackets and cobrackets: 

Theorem 1.3. [Sect. [21|] Lie 2-algebras (V := Vq © VI 1, h, h,h) and (V*[l], Ci, c 2 , c 3 ) /orm a 
Lie 2-bialgebra if and only if l\ = c\ as elements in V* © V, and E c <? zs a ^-cocycle representing 
an element in H (V, Sym(V[— 2])). 

For the purpose of this theorem, we develop the cohomology theory of an Loo-algebra L with 
coefficients in representation on a fc-term complex of vector spaces (known as Loo-modules). When 
we restrict to adjoint representation we recover the cohomology studied in [55]. We give the 
adjoint representation of L in terms of big brackets. We also introduce Manin triples in this 
general framework. Here we see the advantage of the language of big brackets: it makes concepts 
and calculations very elegant and intrinsic. However, it also has the disadvantage that under some 
circumstances it is not explicit enough to give examples. So we then focus on the strict case in Sect. 
12.41 and explain the above concepts in concrete formulas familiar to general algebraists. Associated 
to any /c-term complex of vector spaces V, there is a natural differential graded Lie algebra [2"3"ll3"0] . 
which plays the same role as gl(V) for a vector space V in the classical case. In the strict case, it 
is enough to look at the strict Lie 2-algebra End(V) obtained by truncation. This simplification 
makes it possible to write down concrete formulas. This is the content of Section 

The above leads to our study of strict Lie 2-bialgebras in Section [3] In fact, this section in the 
article is written in the usual algebraic language without various grades and shifts, and it is self- 
contained. Thus, readers who find the Loo-language confusing can simply skip Section[5]and directly 
go to Section [3J Guided by the classical theory of Lie bialgebras, we explore, in explicit terms, 
various higher corresponding objects — matched pairs, Manin triples, standard Manin triples — and 
their relations. We first study the conditions under which the direct sum of two strict Lie 2-algebras 
with representations on each other is a strict Lie 2-algebra fTheorem l3.1[) . Two strict Lie 2-algebras 
with representations on each other satisfy these conditions is called a matched pair. For a strict 
Lie 2-algebra g = (g o ,0-i,d, [•, •]) and a 2-cocycle (e> ,<5i), where 5 £ Hom(g , 0-i <&0o ©0o <8>fl-i) 
and Si € Hom(g_i,g_i © defining a semidirect product Lie algebra structure on © Qq, 
then g* = (g^, £|q, d*, [•, •]*) is a strict Lie 2-algebra such that (g, g*; ad*, ad*) is a matched pair 
(Theorem [XT]). Furthermore, in Sect. 13.41 we focus on the coboundary case, i.e., we require (So, Si) 
to be an exact 2-cocycle. Due to the abundant content of the corresponding cohomology theory, 
we find that there are more generalized r-matrices than in the classical case. We work out a set 
of higher classical Yang-Baxter equations (higher CYBE) whose solutions provide examples of Lie 
2-bialgebras. 

In Section [¥J we construct various (coboundary) strict Lie 2-bialgebras via explicit solutions 
of higher CYBE given by left-symmetric algebras. Left-symmetric algebras (or pre-Lie algebras, 
Vinberg algebras, and etc.) arose from the study of affine manifolds and affine Lie groups [2"T] . 
convex homogeneous cones [33 a and deformations of associative algebras |18j and then appeared in 
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many fields in mathematics and mathematical physics (see the survey article [TU] and the references 
therein). In particular, there is a close relationship between left-symmetric algebras and classical 
Yang-Baxter equation, which leads to regard the former as the algebraic structures behind the 
latter [5] . We use the classification of low dimensional left-symmetric algebras and give an explicit 
example of a low dimensional Lie 2-bialgebra (Example 14. 9p . 

Furthermore, left-symmetric algebras are also regarded as the underlying algebraic structures 
of symplectic Lie algebras [2], which coincides with Drinfeld's observation of the correspondence 
between the invertible (skew-symmetric) classical r-matrices and the symplectic forms on Lie alge- 
bras [IB] ■ We then construct a general type of Lie 2-bialgebras arising naturally from symplectic 
Lie algebras (Example 14. 1 5|) . The naturality of the construction suggests some geometric meaning 
of such Lie 2-bialgebras, which is however still a mystery to us. 

Finally, since Lie bialgebras can be viewed as semiclassical limits of quantum groups, a natural 
question to ask is whether there is some relation possibly via quantization between our categori- 
fication and Khovanov-Lauda's recent categorification of quantum groups [19] . At this very early 
stage, as far as we can tell, the two sorts of categorification are rather different. Any relation if 
existed will be nontrivial to establish. Also, we do not claim our work is the final word of cate- 
gorification of Lie bialgebras with respect to the above aspect. Instead, we regard it as something 
which opens a rather interesting direction, along which we are currently working. 

General comments: in this paper, our vector spaces, when not specified otherwise, are all finite 
dimensional and over a base field k with characteristic 0. In fact, for us the most important 
applications are cases where either k — R or k = C. 

Notations: DGLA is short for differential graded Lie algebras; x, y, z are arbitrary elements in 
go; x*,y*,z* are arbitrary elements in gj; h,k,l are arbitrary elements in g_i and h*,k*,l* are 
arbitrary elements in q*_ x ; for a graded vector space V = J2n denote the /-shifted graded 

vector space, namely V[l] n = V;+ n ; Sym(V) is the symmetric power of V . 

Acknowledgement: We give our warmest thanks to Damien Calaque, Zhuo Chen, Zhang- Ju Liu, 
Yvette Kosmann-Schwarzbach, Rajan Mehta, Weiwei Pan and Ping Xu for very useful comments 
and discussions. Our paper is also partially motivated by Mathieu Stienon's talk in Poisson 2010. 
Last but not least, we are specially grateful to Prof. Ping Xu for his various remarks and his 
encouragement to publish this note. 

2 Lie 2-bialgebras 

2.1 Lie 2-algebras via Loo-algebras 

Lie algebras can be categorified to Lie 2-algebras. For a good introduction on this subject see [2]. 

Definition 2.1. An Loo-algebra is a graded vector space L — L$ L_i • • • equipped with a 
system {lk\ 1 < k < oo} of linear maps Ik '■ A k L — > L with degree deg(Zfc) = 2 — k, where the 
exterior powers are interpreted in the graded sense and the following relation with Koszul sign 
"Ksgn" is satisfied for all n > 0: 

(-ly^^^sgpWJtegntpjljQifa^),--- ,x ail) ) 1 x a(l+1) ,--- ,av (n) ) = 0, (1) 

i+j=n-(-l (7 

where the summation is taken over all (z, n — i)-unshuffles with i > 1. A Lie 2-algebra is a 2-term 
Loo-algebra L = L © L_i. 
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A 1-tcrm Loo-algebra Lo is a Lie algebra in the usual sense. A 2-term Loo-algebra (a Lie 2- 
algebra) has only possibly nonzero brackets li, I2, and ^3. The compatibility condition fl} tells 
that li is a derivation with respect to 1%, and ^3 controls the obstruction of Jacobi identity of I2. 
A strict Lie 2-algebra is a Lie 2-algebra with Z3 = 0. This specifically tells us that, without 
any gradings, a strict Lie 2-algebra is simply a complex of (non-graded usual) vector spaces 

0_i — > go equipped with a graded Lie bracket I2 = [;■] ■ Qi x Qj — > Qi+j, where —1 < i + j < 0, 
such that for all x,y, z £ Qq and h,k £ fl— 1, we have 

[x,y] = -[y,x], [x,h] = -[h,x], [h,k] = 0, d([x,h]) = [x,dh], [dh,k] = [h,dk], 
[[x,y],z] + [[y,z],x] + [[z,x],y] = 0, [[x,y],h] + [[y,h],x] + [[h,x],y] = 0. 

The notions of a strict Lie 2-algebra, a crossed module of Lie algebras, and a 2-term DGLA are 
equivalent. Moreover, Eq. @ implies that there is a Lie algebra structure (semidirect product) on 
So ©0-i: 

[x + h,y + k] BoS)B _ 1 = [x,y] + [x,k] + [h,y]. 

such that d is a graded derivation with respect to [•,•]. 

An Loo-algebra L gives a differential graded commutative algebra (d.g.c.a) structure on graded 
symmetric algebra 

Sym(L*[-l])= k © L* © [ A 2 L* © L*J © [ A 3 L* © L* ® L*_ x © L*_ 2 ] © . . . , 



degree degree j degree 2 degree 3 

whose degree 1 differential 6 is given by dualizing k'^. In fact, the generalized Jacobi identity 
(H|) is equivalent to <5 2 = 0. Then an Loo-morphism / : L — > L' is given by a d.g.c.a. morphism 
Sym((L')*[— 1]) S'ym(L*[— 1]). It is more general than a "strict morphism", namely a morphism 
preserves all brackets strictly. More precisely, 

Definition 2.2. [2] Let and 0' be two strict Lie 2-algebras. A strict homomorphism /1 from 
to 0' consists of linear maps /^o : 0o — ► 0o ano - Mi ■ fl-i — ^ fl-i commuting with the differential, 
i.e., 

Ho o d = d' O yU X , 

such that 

[(Mo(sc),Mo(2/)]'-J"o[a!,y] = 0, 

[Mo(ar),MiW]'-Mi[^/i] = 0. W 
2.2 Loo-modules and Loo-cohomology 

Now we recall the definition of Loo-modules [23] . Given a fc-term complex of vector spaces V : 

V-k+i ■ ■ ■ V-i Vo, the endomorphisms (not necessarily preserving the degree) form a 
DGLA 0[(V) with the graded commutating bracket and a differential inherited from d. It plays 
the same role as Ql(V) in the classical case for a vector space V (see [231 ED] for details). Thus an 
Loo-algebra L naturally represents on a complex of vector space V by an Loo-morphism L — > 0((V), 
in this case V is called an Loo-module of L. 



1 This works for finite dimensional Li's, which is our setting in this paper. 
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Another equivalent definition of an Loo-mo of L is given via a generalized Chevalley- 

Eilcnberg complex of L, that is, an Loo-module structure on a graded vector space V is given by a 
degree one differential D on the graded vector space 

(Sym(L*[-l\) ® V) n = ® k Sym(L*[-l]) k <g> 7 n _ fe . 

The second definition is subtly different from the first definition in that in the second definition, 
via D, L directly represents on a graded vector space V and D also encodes the differential on V. 
However, this small difference does not affect our application. This way of defining Loo-modules 
has the advantage that we can view (Sym(L*[— 1]) ® V,D) as the cochain complex C'(L, V) of 
L with coefficient in its Loo-module V. Then its cohomology group H'(L, V) is defined to be the 
Loo-algebra cohomology of L with coefficient V. We denote the set of Loo-modules of L by 
Rep°°(L) and a typical element in Rep°°(L) by (V, D\>). 

Given (V, D v ), (W, D w ) G Rep°°(L), there is a degree 1 differential L> on Sym(L*[-l}) <g> (V® 
W) uniquely determined by 

L>(77 <g> £) = L> v (?7) ® £ + ® D w (£), 

for all X] G 5?/m(L*[-l]) <g> V and $ e 5ym(£*[-l]) ® W. 

Similarly, one can take the symmetric power Sym(V), wedge product A(V), and dual V* of 
Loo-modules. 



2.3 Loo-bialgebras 

• Big bracket: 

Given a graded vector space V = V n , it is well known that there is a graded version of big 
bracket ((•,•)) on Sym(V*[k})® Sym{V[l}) = Sym(V*[k]®V[l]) = Sym(T*[l + k]V[l}) by extending 
the usual pairing between V* and V via a graded Leibniz rulqj 

{(u,v Aw)) = {(u,v)) Aw + (-l)(l«l+'+*>M„ A {(u,w)), 

{(u,v)) = -(-l)^ +k+t ^ +k+l ^(v lU )), W 

where u G Sym(V*[k) © and v G Sym(V*[k] © V[Z])|„| respectively. The big bracket is in 

fact the canonical graded Poisson bracket on T*[l + k]V[l]. Thus, in addition, we have a graded 
Jacobi identity: 

««, = + C-l)^-l+ fc +^<l-l+ fe +^«^, ^»». (5) 

• Loo-algebras via big bracket: 

Given an Loo-algebra L, the bracket U can be viewed as a degree 2 element in Sym{L*[—\])®L, 
for example: 

Z 2 :A 2 L ^L , h\tfL a G A 2 L* Q ®L a c Sym 2 {L*[-l]) ® L. 

In fact, li can be viewed as a degree I — k + 2 element in (Sym(L*[— 1]) ® L[fc])[Z]. 

2 The equivalence is supposed to be well known. For a detailed proof, we refer to |15| . 

3 Here we specially thank Yvette Kosmann-Schwarzbach, Rajan Mehta and Dimitry Roytenberg for their help on 
the signs and on the history of various brackets 1251 . 
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Lemma 2.3. A series of degree 2 — I elements U G (Sym l (V*[— 1]) © V[l}) with i = 1,2, ... on 
^ = Z)nS ^» 5 z-yes arl Loo-structure if and only if (( ^\ /», X)i = °- 

Proof. The proof depends on a simple observation: there is a degree 1 operator 6 on Sym(V*[— 1]) 
given by 

Sj/m(y*[-l]) — — U Sym(V*[-l}). 

The fact that 5 is a derivation follows from the graded Leibniz rule Q of ((■,■)). Then (5 2 = iff 
it's form an Loo-structure on V . Then by graded Jacobi identity, we have 

((Et((E'^w = «E I "E^+H) 1 ' 1 «E'"«E^ !i )»)' 

which implies 2S 2 u = (( X) hi h)) u - Finally, S has degree 1 by Lemma \2. 41 ■ 

Lemma 2.4. Given an elementt G Sym{V*[k]®V[l\) , the degree of the operator ((t, •}} : Sym(V* [k]® 
V[l}) —> Sym(V*[k}®V[l}) is \t\+k + l. 

Proof. Straightforward calculations. ■ 

• Lie 2-bialgebras via Loo-bialgebras: 

A similar theory holds for the Lie bialgebra setting, that is, an Loo-bialgebra also corresponds 
to a d.g.c.a. but with the differential 5 = (( J] t pq , •}} coming from more complicated data including 
brackets t pl G (Sym p (V*[-l\) ® V[-l]), cobrackets t lp G (V*[-l] © 5ymP(l/[-l])) and their 
relations t pq G (Sym p (V* [— 1]) © S'ym 9 (V A [— 1])) for p,q > 2. Here with various degree shiftings, 
t pq 's have degree 1. This is equivalent to requiring their total degree (without shifting) to be 1 
as in [22] (see also Remark 12.51) . Nothing stops us from shifting further to adapt the notion to 
our application, which leads to Definition ll.il In fact, with the above interpretation, since the Lie 
2-bialgebra we define in Definition 11.11 does not contain ^22-term, it is relation-wise strict in the 
sense that the brackets and cobrackets satisfy strict relations. 

Remark 2.5. In our Definition 11.11 of Lie 2-bialgebras, L*_ l is of degree and Lq is of degree 

— 1 in the Lie 2-algebra Lq —> L*_ x . This is not the same as Kravchenko's convention on degrees 
[2"2"| . where for an Loo-algebra V, the total degree of an element £i • • ■ £ p ai ■ ■ ■ a q in A P V* © A q V 
is defined to be l&l + J2i=i \ a i\ + P + q — 2. Let us explain this in the 2-term case. The 

Loo-coalgebra structure in Kravchenko's setting is given by maps 7 P : V — > A P V of total degree 1. 
In particular, 71 is a map from V—\ to Vq; 72 is an element in Vq* <g> A 2 Vb © V* t © Vb A V~_i . So what 

one obtains is not the usual 2-term Loo-algebra structure on Lq — > L*L 1 . Our degree shifting trick 

allows us to adjust the map 72 to obtain the usual 2-term Loo-algebra structure on Lq — > 
In terms of total degrees, we define the total degree of an element £1 • • • £, p ct\ ■ ■ ■ a q in A P V* © A q V 
to be + Si=i + P + 2q — 3. Then the t P9 's will have total degree 1 in a non-shifted 

complex. 

Lemma 2.6. A series of degree 4 elements k G (Sym' l (V*[—l]) © V[— 2]) and c 4 G (V**[— 1] © 
5ym I (y[— 2])) with i = 1,2,... on V = Vo © V_i groes a Lie 2-bialgebra structure if and only if 
c\ — l\ and S := ((Y^ih + <k, •)) defines a d.g.c.a. on (Sym(V*[— 1]) © 5ym(V[— 2])). 

Proof. Given such degree 4 elements and c, on V, by degree reason U = c.; = for i > 3. 
Moreover, by Lemma I2T41 <5 has degree 1 = 4 — 3. Then degree 4 elements k and Cj with z = 1,2,3 
define a Lie 2-bialgebra structure on V if and only if L = cx and (( Y] lj + cj, lj + Cj}) = 0. Then 
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the rest of the proof follows from the graded Jacobi identity (0) and the graded Leibniz rule (TJJ as 
in Lemma 12.31 ■ 

Now we are ready to give the proof of Proposition 1 1.21 

Proof of Proposition \1.'A By degree reason, (( E U + c i, E h + c i)) = is equivalent to 

((Zi,Zi»=0, ((ci,c 2 ))=0, ((/i,/ 2 »=0, 

{{l 2 ,l 2 ))+HhM)) =0, «J 2l i 3 » = 0, ({c 2 ,c 2 ))+2((c 3 ,c 1 }) = 0, ((c 2 ,c 3 }}=0, (6) 
«i 2 ,C2»=0, «Z 2 ,c 3 ))=0, ((l 3 ,c 2 ))=0, ((l 3 ,c 3 ))=0 

The first two lines of equations implies that (( E k> E = an( i (( S c ^ E c »)) = 0- Notice that 
S Sym{L*[-l}) <g) L[-2] and ^c t 6 SW(£*[-1]) ® Sfom(L[-2]) = 5ym((i*[l])*[-l]) ® 
(L*[l])[— 2]. By Lemma T2.31 the above two conditions are equivalent to the fact that Zj's and c,'s 
give Loo-structures on L and L* [1] respectively. ■ 

Given an Loo-algebra L, it is easy to describe its adjoint representation on any shift L[k] via 
the big bracket: 

D ad := : Sym(L*[-l]) ® L[k] -> Sym{L*[-l]) ® L[k]. 

This extends to symmetric algebras, 

Dad := •)) : 5i/m(L*[-l]) <g> Sym(L{k}) -► S<,m(L*[-l]) ® Stfm(£[fc]). (7) 

To justify that Z? a( j and D a( j indeed define a representation, we need the following lemma, 
Lemma 2.7. With the above notation, we have D 2 d = and D 2 ad = 0. 

Proof. Since k's are Loo-brackets for L, by Lemma l2~51 E k are degree 2— k elements in Sym(L* [—1])® 
L[k] thus in Sym{L*[-l}) <g Sym^fcj), moreover ((£ = °- Thus 

(( 5]^, ((^ = «^^,^a«+(-i) (2 ^ 1+ ' £)2 ((E^'«E^' «))». 

which implies both DjL = and D 2 d = 0. ■ 

Now we are ready to give the following proof: 

Proof of Theorem Given a Lie 2-bialgebra L, the sum of the cobrackets E<=i c i ^ (S , ym 1 (L*[— l])(g) 
Sym(L[— 2])) being a degree 4 element, is a 4-cochain in C 4 (L, 5ym(L[— 2])). The last line of Eq. 
© is equivalent to ((i 2 + ^3,c 2 + c 3 )) = 0. If ((hji)) = 0, (which is the case when L is a Lie 
2-algebra), we have further more {(h + l 2 + l 3 , ci + c 2 + C3}} = 0, keeping in mind that ?i = ci . This 
is equivalent to L* ac i(E Cj) = 0. ■ 

• Manin triples: 

As in the classical case, we have yet another description of Loo-bialgebras via Manin Looffe]- 
triples. When fc = 0, we obtain 22, Def. 32]. 

Definition 2.8. A Manin [k] -triple is a triple of Loo-algebras (fl,0 + ,0~) equipped with a 
nondegenerate graded symmetric bilinear form S(-, •), such that 
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1. S(-, •) has degree k, that is, there is an identification of (g + )* with g~[k] via >!?(•, •). 
2- Q + , 0~ are Loo-subalgebras of g such that g = g + © g~ as graded vector spaces; 

3. g + and g~ are isotropic with respect to S(-, ■); 

4. the n-brackets X n of the Loo-algebra structure on g are invariant with respect to S(-, •), that 

S'(A„(ai, . . . ,o„),a ) = (-l) |a " l|ao| S(A„(ai, . . . , a„_i, o ), a„). 

Then a 2-term Manin [l]-triple is a Manin L^, [k] -triple (g,g + ,g~) such that all three Loo- 
algebras have only 2-terms. We will explain this in more concrete terms in Section I3~21 
Then as expected, we have: 

Theorem 2.9. The notions of Lie 2-bialgebra and a 2-term Manin L^lYtriple are equivalent. 

Proof. The proof is done by adding some careful counting of degrees to the proof of [55J Thm. 33] . 
We refer to [T5] for this treatment. ■ 

2.4 Strict case 

Now we explain the abstract definitions given in prior sections with explicit formulas in the case 
of a strict Lie 2-algebra. This is a preparation for the next section, where we address strict Lie 2- 
bialgebras in a more classical setting. It is not redundant because with the concrete picture, we will 
address the non-symmetric version to make it better connected to the usual algebraic discussion 
of Lie bialgebras. What is important for us is the strict Lie 2-algebra of the 2-truncation of the 
endomorphism DGLA fll(V) because an Loo-morphism L — > g[(V) can only see this part. We 
denote the truncation by End(V), 

End(V) : End _1 (V) -U End^(V). (8) 

We describe it in explicit terms: End _1 (V) is the maximal subspace E of ®" = _ fc+2 End(Vi, Vi—i) 
satisfying [E, E]c = 0, where [■, -]c is the natural commutator, i.e., 

[( T k-2, ■ ■ ■ ,To), (Qc-2, • ' ' , ?o)]c = (Tk-2 ° Sfc-3 - ?fe-2 ° Tk-3, ' ' ' > T l ° ft) - ft ° To), 

for any r = (r fc _ 2 , • • • , t ), ? = (ft_ 2 , • • ■ , ft) £ 0°=-fc+2 End (^, K_i). Then Endg(V) is given 

by 

o 

End° 9 (V) = {A = (A k _ u -- ■ ,A 1 ,A )e End^Aj a d = d o A j+1 ,V j}. 

The strict Lie 2-algebra structure is given by 

5(t) — d o t + t o d, 
[A, B] = AoB-BoA = ([A h - 1 ,B k - 1 ] r -- ^AuB!]), 

[A,T] = A O T - T O A = (Ak-l O T k -2 ~ T k -2 O A fe _ 2 , ' ' ' , A X O T - T O A ), 

for any A = (Af--i, ■ ■ ■ , A ),B — (B^-i, • ■ • , B ) G Endg(V), and r = (r fe _ 2 , • • • ,tq) G End -1 (V). 
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Definition 2.10. A strict representation of a strict Lie 2-algebra q on a fc-term complex of 
vector spaces V is a strict homomorphism fi = (/i ,yUi) from q to the strict Lie 2-algebra End(V). 
We denote a strict representation by (V; fi). 

Remark 2.11. Such a strict representation of g clearly is a special L^-module of q viewed as an 
Loo-algebra. 

Let (V; n) be a fc-term strict representation of 0. To obtain the cohomology H'(q, V), the space 
of p-cochains is C p (g, V) := (Sym(Q*[— 1]) ® V) p . The differential operator D can be explicitly 
written as 

D = 2 + + d : C p ( 9 , V) C p+1 ( fl , V). 

We explain each term explicitly: d : Hom(A p g A A 9 fl_i, V s ) — > Hom(A p_1 0o A A 9+1 g_i, V s ) is the 
degree 1 operator induced by d: 

d(/)0i,-" ,x p - 1 ,hi,h 2 , - ■ ■ ,h q+ i) 
= (-i) p+q (f(x l7 - ■ ■ ,x p - 1 ,dh 1 ,h 2 ,--- ,/i g +i) + c.p.(fti,--- 

and 9 : Hom(A p go A A 9 g_i, V^) — > Hom(A p g A A 9 g_i, K+i) is the degree 1 operator induced by 
8: 

d(f) = (-ir +2 wof, (9) 

and d„ = (dl h0 \d^ 1} ), where <$' 0) : Hom(AP 0o A A«fl_i,V a ) — > Hom(AP +1 flo A A«fl_i,V s ) is 
given by 



P+i 

^(-l) ,+ Vo(a»)/(ai,- •■:?*,■•■ ,a;p + i,/ii,--- , ft,) 

i=l 

+ S V 1) "'/([s^i , , a;i , • , , , iEp+i , h\, • ■ • ,hq), 

i<j 

+ ^2(-l)\f(x ir -- ,x ir -- ,x p+1 ,h 1 ,--- ,[xi,hj],--- ,h q ), 



and 4 0,1) :Hom(A p fl0 AA q Q-i,V s ) — > Hom(A p g A A g+1 0_i, Vg_i) is given by 

9+1 

' ' ' ,x P ,hi,--- ,h q+ i) = ^(-l) p+l+ ViCi»)/(a:i,--- ,x p ,h lr ■ ■ h ir ■ ■ ,h q+1 ). 

For any strict representation (V; /u) of g, let V* : V ( * V^j • • • V_! fe+1 be the dual 

complex of V. The dual representation : g — > ©i=-fc+i End(\^*) and : g_i — > End _1 (V*) 
is defined by 

(H*(x)u*,v) = -(u*,fj, {x)v), Vu*eV*,veVi, 

In fact, it is straightforward to see that fx^ commutes with d* , i.e., G Endg*(V*). Furthermore, 
M* — (MoiMi) i s a strict homomorphism from g to End(V*). 
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If both (V; [i v ) and (W; fi w ) are strict representations of g, then the tensor product (V ® W; ;u) 
is also a strict representation of g, where /i = (/io, Mi) is explicitly given by 

Mo = fJ-a <8 1 + 1 <8> /U^, Ml = Mi^ ® 1 + 1 ® Mi^- 
The adjoint representation of on itself, denote by ad = (ado,adi), with, 

ad (a;) = [x, ■} G End°(g), V x E Q , 
adi(/i) = [h, ■] G End 1 ^), V /i 6 fl-i, 

is a strict representation. The dual representation of g on g* is called the coadjoint representa- 
tion and denoted by ad* = (ad*,, ad*). Then g acts on g[— 1] (8> 1] — a 3-term complex of vector 
spaces 

d® d® 

(g[-l]©g[-l])o := — > (g[-l]©g[-l])i := 0o<8>0-i©fl-i<8>0o — > (fl[-l]®fl[-l])2 := flo©flo, 

(10) 

with d® given by 

d®(/i®fc) = (d <g 1 + 1 <S> d)(h <S> k) = dh © k + h <g> dfc, /i,fe€0_i, 
d®(x©fc + /i©y) = (d © 1 - 1 © d)(x ® + /i ® y) = dh © y - a; ® dfc, X, yeg . 

This representation plays an essential role when we consider the strict Lie 2-bialgebras: thanks to 
the strict setting, we do not have to work with the whole Sym(g) as we have done in the nonstrict 
case (see also Remark l3.5l for the different degree shifting). The corresponding Chevalley-Eilenberg 
complex is given by 

(g[-l] © g[-l]) A (g[-l] © g[-l])i © Hom(g , (g[-l] <8 fl[-l]) ) A 
(g[-l] <8 g[-l]) 2 © Hom(g , (g[-l] <g> g[-l])i) © Hom(g_i, (g[-l] ® g[-l])o)© 

Hom(A 2 g , (fl[-l] ® fl[-l])o) Hom(g , (g[-l] © g[-l]) 2 ) © Hom(g_i, (g[-l] © g[-l])i)© 
Hom(A 2 g , (g[-l] © fl[-l])i) © Hom(A 3 g , (g[-l] © fl[-l])o) © Hom(g © g_i, (g[-l] © fl[-l])o) 

D 

(11) 

where D = d + e? a d + d® , in which e? a d is the operator associated to the tensor representation 
(ado©l + l©ado, adi©l + l©adi) of g on g[— l]©g[— 1]. For a 2-cochain (8q, Si) G Hom(g , (g[— 1]© 
g[-l])i) © Hom(g_i, (g[-l] © g[-l]) ), we have 

D(S , 5i) = -d 8 o5 a + d^So - S o d + d® o ft + d^Si, 

where 



-d® o S 


G 


Hom(go,(g[-l]©g[-l]) 2 ), 


dadSo 


G 


Hom(A 2 g , (g[-l] © g[-l])i) © Hom(g A g_ x , (g[-l] © fl[-l])o), 


—So o d 


G 


Hom(g_i,(fl[-l] ©g[-l])i), 


d® oft 


G 


Hom(g_i,(fl[-l] ©g[-l])i), 


<4dft 


G 


Hom(g A g_i, (g[-l] © g[-l])o) 
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Thus (Sq, Si) is a 2-cocycle if and only if the following equations hold: 



(d <g> 1 - 1 <g> d) o £ = 0, (12) 

(5 od-(d®l + l®d)oJ 1 = 0, (13) 

d ad S (x,y) = 0, (14) 

d^ d S (x, h) + d ad 5i(x,/i) = 0. (15) 



3 Strict Lie 2-bialgebras 

A strict Lie 2-bialgebra is a Lie 2-bialgebra with 03 = ^3 = 0. In this section, we study it in a 
more classical setting. Vector spaces in this section are without gradings. 

3.1 Matched pairs 

We first consider how to define a strict Lie 2-algebra structure on the direct sum g © g' of the 
underlying complexes of vector spaces of two strict Lie 2-algebras g and g' such that they are strict 
sub-Lie 2-algebras. 

Theorem 3.1. Let g and g' be two strict Lie 2-algebras, fj, = (/io,Mi) : — ^ End(g'), and 
fx' : g' — > End(g) be representations of g and g' on g' and g respectively satisfying the following 



compatibility conditions: 

^'o(x')[x,y\ = [x,fi' (x')y} + [fi' (x')x,y}+ fi' (n (y)x')x - n' n (fi (x)x')y; (16) 
Ho(x)[x',y'}' = [x' , fio(x)y']' + \p (x)x' ,y']' + Ho(n' (y')x)x' - fj, ((j,' (x')x)y'; (17) 

ti(h')[x,y] = [x,A4(^0y] + l/*i(^.»]+A*i(w(y)^-A*i(/^(»)fc0»; ( 18 ) 

»i(h)[x',y'}' = [^^xWyr + lMiW^'^T + Mi^o^O^y-^i^o^O^V; (19) 
fx' (x')[x,h] = [x,fj,' (x')h] + \p! (x')x, h] + f/ 1 (fjLt(h)x')x - (j,' (fx (x)x')h; (20) 
Ho(x)[x',h']' = [a;',^o(a;)/iT + [Mo(^a;',^]' + Mi(^i(/i')^)^-Mo(Mo(a:')^)^, (21) 

where x, y g go, x 1 , y' £ g , h £ fl— 1, h' G g'_i- Then there exists a strict Lie 2-algebra (go(Bg' , Q-i® 
0'_i,d©d', h-lsffifl')) where [v] B eg' is 9 iven b V 

[x + x',y + y'] Bm > = [x,y]+fi (x)(y')-iJ,' (y')x + iJ l0 (x')y-fi (y)x' + [x',y']'; (22) 
[x + x',h+ti] 3(Bsi , = [x^l+Mo^^O-Mi^OW-Mi^y + Mo^OW + ^'^T- (23) 



Conversely, given a strict Lie 2-algebra (go ©g 0J 0-i ©fl'-i, d © d', [•, -] B © 8 ') in which both g and 
g' with restricted brackets are strict sub-Lie 2-algebras, there exist representations up to homotopy 
(i : g — > End(g') and // : g' — » End(g) satisfying Eqs. (|16[) - (|2ip such that the bracket [•, -] B © g ' is 
given by Eqs. and (j2"3")l . 

Proof. We need to consider the Jacobi identity 

J (a, 15, 7) = [[a, f3] gm < , 7] B © B < + c.p. = 

for the following six cases 

(a, A 7) eg ©go ©0o, (a, P, 7) e g' © g' Q © g , (a, f3,y) g g ©0o ®B-i, 
(a,/3, 7 ) e g ffig ffig-i, (a, /3, 7) g g © Q-i © g' , (a, (3, 7) g g' © © 0o, 
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where "c.p." means cyclic permutation. Let x, y E go and x' £ g , we have 

[[x,y] 3 m'> x ']3m' = t*o([x,y])x' - i/ (x')[x,y]; 

[[y,x'] gm >,x] gm > = [no(y)x' - n' (x')y,x\ g@gl 

= [x, [i' (x')y] - Ho(x)fi (y)x' + /j,' ({j, (y)x')x; 

[[x',x] gm >,y\ sSjg i = \p' (x')x- no{x)%',y] s ®0' 

= [Mo^'K ?/] + Vo{y)Vo(x)x' - Ho(Ho(x)x')y. 

By the fact that /i is a strict homomorphism, J{x,y,x') — if and only if Eq. (|lCj|) holds. By a 
similar proof for the other five cases, we obtain Eqs. (|17|) - f2"Tj) respectively. 

Next we show that the linear map d + d' is a graded derivation with respect to [•, -]g© fl '- In 
fact, we only need to show: 

(d + d'XM'W) = Md + d>'W, 

(d + d')([x',h] gm >) = [x',(d + d')h] g(Bg ', 
[(d + d')M'W = [h,(d + d')h'} gm ,. 

It is not hard to deduce that 

(d + d')[x, h'] 3@B , - (d + d')(fi (x)ti - &{ti)x) = -d(^(h')(x)) + d'(no(x)h'y, 
[x, (d + d')/*'W = [x, d'h'] 0@a > = Mx)(d'h') - (i' (d'h')(x). 

So (d + d')[x, h'] g(Sg > = [x, (d + d')^'] if and only if 

d(^(h')(x)) = v' (d'h')(x), d'(no(x)h') = iH>(x)(d'h'), 

which follows from the fact that 

/igod' = 5o/ij, ^o(x) ° d' = d' o /xo(x). 

The other two equalities can be proved similarly, we omit the details. 

Therefore if /i and \i' are strict representations satisfying the compatibility conditions (Tl(3|) - (f2"Tj) , 
then (g © Qo,Q-i ® 0-i>d © d', [•, -] g © fl ') is a strict Lie 2-algebra, where the bracket operations 
[•, -] Bm > are given by Eqs. (EU)-®. 

Conversely, for any Lie 2-algebra structure (d fl ® g <, [•, -^ee') on the direct sum complex g © g', 
such that g and g' are sub-Lie 2-algebras, since d g ^ g > \ g = d and d fl ® g ' | ' = d', we have d fl ® fl < = d©d'. 
Furthermore, there exist linear maps fio, fii, fi' , fi'i defined by 

[x,x'] g(Bg > = no(x)x' - (i' (x')x, 
[x,h'] g(Bg > = no(x)h' - 
[x',h] g(Bg/ = n' (x')h - fii(h)x' , 

where x € Qo,x' £ Bo,h G g_i,/i' £ g'_i- It is straightforward to check that fi — (/io,/zi) and 
/i' = (p,' Q , /![) are representations of g and g' on g' and g respectively, and satisfy the conditions 

(nnD-dziD- ■ 

Definition 3.2. Let g = (g ,g_i,d, [•, •]) and g' = (g ,g'_ 1 ,d / , [•, •]') be two strict Lie 2-algebras. 
Suppose that /i = (/iq, /ii) : g — > End(g') and // : g' — > End(g) are representations of g and g' on 
g' and g respectively. We call them a matched pair and denote by (g, g'; fi, //) if the compatibility 
conditions (p^|) - IfSTj) are satisfied. 
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3.2 Manin triple 

Let us recall from Definition 12.81 that a Manin triple of strict Lie 2-algebras, which we denote by 
({; Q, g'), consists of 

• three strict Lie 2-algebras t, g, g', where g and g' are sub-Lie 2-algebras of t, and as the direct 
sum of complexes of vector spaces, we have 

e = 0©fl'. (24) 

• a degree 1 nondegenerate invariant symmetric bilinear form St on t, such that g and g' are 
isotropic. 

Let us explain the last item more explicitly: given a strict Lie 2-algebra g = (go,g-i, d, [•, •]) and 
a bilinear form S on go 93 0— i, for any a, j3, 7 £ go © 0-ij %■> y 6 go and h,k € g_i, 

• S is degree 1 symmetric bilinear if 

iS(a;, y) = S(h, k) = 0, S(x, h) = S(h, x); 

• S is nondegenerate if 

S(a, ff) = or 5(/3, a) = 0, V /3 6 go © 0-1 <^=> a = 0; 

• 5 is invariant if 

S(da,P) = S(a,dp), S([a,0\,i) = S(a,\p,i\). (25) 

A homomorphism between two Manin triples (61, 0,0') and (625^5 f)') is a homomorphism cf> : 
61 — >• 62 of strict Lie 2-algebras satisfying 

0(0)ch, 0(g')cf)', S tl {a,0)=S ta (<Ka),<j>(P)),Va,pel (26) 

Let g = (0o,0— i,d, [•, •]) be a strict Lie 2-algebra and suppose that there is also a strict Lie 2- 

algebra structure on g* — (0* 1, 0oj d*, [•, •]*)■ On the direct sum of complexes, goffig*-i d -^> 0-iffi0o\ 
there is a natural degree 1 nondegenerate symmetric bilinear form S, which is given by 

S(x + h + x* + h*, y + k + y* + k*) = (x, y*} + (h, k*) + (x*,y) + (h*,k), (27) 

where x,y £ go,h, k E g-i,x*,y* E gQ,h*,k* E g*_ x . We call the standard bilinear form 
on g ffi g* . We can introduce a bracket operation [•, •]g© fl *, such that 5 is invariant, as follows 

[x + h*,y + k*] gm * 

= [x, y] + [h* , k*} * + ad*, (x) (fc*) - ad*,, (k*)(x) + ad^ (h* ) (y ) - ad*, (y) (h*), 
[x + h*,k + y*] a@B . [AQ> 
= [x, k] + [h*,y*] + ado(x)(y*) — ad^(y*) (x) + adj. (h*)(k) - &dl(h)(k*). 

We call this the standard bracket operation on gffig*, where ad* = (ad*,,, ad*„) is the coadjoint 
representation of g* on g. If g ffi g* = (g © g*_ x , g_i ©0*,, d + d*, [•, •jgeg*) ^ s a str ict Lie 2-algebra 
(in this case, g and g* are sub-Lie 2-algebras naturally), then we obtain a Manin triple (gffig*; g, 0*) 
with respect to the standard bilinear form (|2"7| , which we call the standard Manin triple. 
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Proposition 3.3. Any Manin triple of strict Lie 2-algebras (f;g,g') with respect to a degree 1 
nondegenerate invariant symmetric bilinear form St is isomorphic to a standard Manin triple 

(s®0*;0,0*)- 

Proof. Since g and g' are isotropic and the bilinear form St is nondegenerate, q'_ 1 can be considered 
as 0q and g can be considered as Q*Li- Furthermore, St is transferred to the standard bilinear 
form (|27p . Since St is invariant, we have 

S t (dh,x*) = St(h,d'x*), 

which implies that 

(dh,x*) = (h,d'x*). 

Thus we have 

d' = d*. 

Also by the fact that St is invariant, we have 

(lk,x],h*) = (k,[x,h*]t), 

(x,[h*, y r) = (y*,[x,h*]t), 

[x,h*]t = &d* (x)(h*) - &d*,(h*)(x). 



which implies that 
Similarly, we have 



[x,y*]t = adS^Xi/O-adl.fo'Xa:), 
[k,h*] t = ad* x (k)(h*) - 

Therefore, the bracket operation on g © g* is given by Eq. Thus, it is isomorphic to the 

standard Manin triple (g © g*; g, g*). ■ 

Proposition 3.4. Let g = (g , g_i, d, [•, •]) and g* = (g!_ 1; Qq, d* , [•, •]*) be two strict Lie 2-algebras. 
Then (g © g*;g,g*) is a standard Manin triple if and only if (g, g*; ad*, ad*) is a matched pair of 
strict Lie 2-algebras. 

Proof. It is straightforward to see that the standard bilinear form (|27|) is invariant under the 
standard bracket operation ([^5]) . Furthermore, it is also not hard to deduce that d©d* is a graded 
derivation with respect to the standard bracket operation (J^HJ). Thus (g © g*; g, g*) is a standard 
Manin triple if and only if the standard bracket operation satisfies the Jacobi identity. By 
definition, it is equivalent to the fact that (g, g*; ad*, ad*) is a matched pair. ■ 

3.3 Equivalence of Manin triples, matched pairs and Lie 2-bialgebras 

For any linear map Si : g_i — > g_i ® g_i and 5 : go — > B-i ® So © 0o ® 3-x, define [•, •]* : 
S-i » 9-i — > 0*i, [•, •]* : Q-i ® S5 — ^ 0S and [•, •]* : g* © q*_i — -> B* by 

{[h*,k*]*,l) 4 (h*®k*,5i(l)), (29) 
<[/i*,a:*]*,tf> - (/i*®x*,io(y)), (30) 
<[a;*,/i*]*,tf> " (x*®h*,6 (v))- (31) 



15 



Remark 3.5. We need to emphasize here that the above pairing (•, •) is the usual pairing between 
vector spaces, which is different from the big bracket ((•,•)). 

For a strict Lie 2-bialgebra c\ — l\ and C3 = 0, the only non-trivial cobracket is C2, which 
corresponds to [•,•]*, and thus to So and 5\. However, C2 ^ Sq + Si. On the other hand, we do not 
have to make a degree —2 shift and do not have to consider the whole symmetric algebra to ensure 
that all the Cj 's stay in the same space as in the nonstrict case. This difference produces a slightly 
different cohomological explanation of the compatibility relation in Theorem 13.71 

Lemma 3.6. Let g = (flojfl— 1> d, [•, •]) be a strict Lie 2-algebra, and linear maps 5\ : g_i — > 
<S> g_i and So : go —> fl-i ® So © 0o © 0-i together with d* define a strict Lie 2-algebra structure 
on g* . Then the corresponding cobracket C2 G B*[— 1] ® Sym 2 (g[— 2]) is a J^-cocycle of g with 
coefficients in Sym(g[— 2]) if and only if So + S\ is a 2-cocycle of g with coefficients in g <g) g. 

Proof. If c 2 = l *f9 + V* zk tlien ^0 = J2 V* ® (z <8> k - k ® z) and 5\ = ® (/ ® 9 ~ 9 ® /)• 
Then a routine calculation shows that D a dC2 = (see Eq. 0) if and only if D(8o + Si) = (see 
Eq. (HH)). ■ 

Therefore, a strict Lie 2-bialgebra consists of a strict Lie 2-algebra g = (go, g~i, d, [•, •]) and a 
2-cocycle (Sq, Si), where S G Hom(g , 0-i <& 0o ©So ® 0-i) and Si G Hom(fl_i,fl_i ® fl-i) defining 
a semidirect product Lie algebra structure [•,•]* on g*_ 1 © gg via Eqs. (|2"§|) . and (|3"Tj) . We 
denote a strict Lie 2-bialgebra by (g; So, Si). 

The following theorem can be viewed as a strict version of Theorem 11.31 However, for the 
purpose of some potential generalization in the non-symmetric setting, our cobrackets takes value 
in the tensor algebra instead of the symmetric algebra as before. We provide an explicit proof in 
this new setting. 

Theorem 3.7. Let g = (go,g_i,d, [•, •]) be a strict Lie 2-algebra. Suppose that linear maps Si : 
g_i — > g-i®g-i and So ■ go — > 9~i ® go©0o ® 0-i define a semidirect product Lie algebra structure 
[;■]* on fl* x ®g* via Eqs. (gHJ), §U§ and (J3TJ . Then g* = (g*_ 1 ,g*,d*, [■,■}*) is a strict Lie 2- 
algebra such that (g, g*; ad*, ad*) is a matched pair of strict Lie 2-algebras if and only if (So, Si) is 
a 2-cocycle of g with coefficients in g ® g. 

Proof. Recall that (S ,Si) is a 2-cocycle if and only if Eqs. (O, (HSJ), (O, and (EJ hold. To 
show that g* = (gl l7 g*>, d*, [•,•]*) is a strict Lie 2-algebra, we only need to show that d* is a graded 
derivation (the 4th and 5th equation in Eq. ([2])). By a computation, we have 



Thus [d*x*,y*]* = [x*,d*y*]* if and only if (d ® l)6 (z) = (1 <8> d)<5 (z), which is exactly Eq. 
(TT2"j) . Furthermore, we have 



<[d*x*,y*]*,z) 



<<5 (z),d*x*©y*} 
(S (z),(d*®l)x*®y*) 

<*o(«),a;*®dV> 
(<5 (z),(l®d*)a:*®y*) 



((d®l)* («),a;*<»i/*> 



<[x*,dV]*,z> 



((l®d)5 (z),x* ®y*}. 



(d*[h*,x*}*,k) 
([h*,d*x*]*,k) 



([h*,x*]*,dk) = (So{dk),h* ®x*}, 
(Si(k),h* ®d*x*) 

(Si(k), (1 g) d*)ft* g> a;*} = ((1 ® d)5 x (fc), ft* <g> x*). 



Thus if d*[ft*,:r*]* = [h*,d*x*]*, we have 



<<5 (dfc), h* <8> a;*} = ((1 <g> d)«i(A), ft* <8> x*). 
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Similarly, if we consider d*[x* , ft*]* = [d*x* , h*]*, then we obtain that 

{S (dk), x* (g) ft*} = ((d ® l)^i(fc), x* ® ft*). 
Thus, the 5-th equation in Eq. ((2J) holds if and only if 

S (dk) = (d® l)<5i(fc) + (1 ® d)^(fc), 

which is exactly Eq. fTB")) . 

Next we consider the conditions such that (g, g*; ad*, ad*) is a matched pair of strict Lie 2- 
algebras, i.e., consider the compatibility conditions (fT())) -([2"Tl). By a computation, we have 

(a,d* *(h*)[x,y],z*) = ([x,y],-[h*,z*]*) = (5 ([x,y]),-h*®z*); 

([xMtih*)y],z*]) = (ad*,* (ft*)y, -ad*, (*)(**)) = (y, [h\u%(x)z*]*) 

= (6 (y), ft* ® ad*,(:r)z*) = (-(1 ® ad (x))S (y), ft* ® «*); 

([adS,(/i*)a, = ((l®ado(j/))(So(a;),/i* ®^*}; 

(adS»(adS(y)^)a;,«*) = (re, -[ad*,(y)ft*, **]*> = (S (x), -ad* (y)h* ® 2*) 

= ((ad (y)®l)(5o(x),/i*®z*}; 

(-ad*Jad*,(x)ft*)y,z*) = ((ad (x) ® l)<J (tf), -ft* ® z*>. 

Therefore, Eq. 1|16[) holds if and only if 

S ([x, y\) = (1 ® ad (a;) + ad (x) ® l)<5 (y) - (1 ® ad (y) + ad (y) ® l)5 (aO, (32) 
which is exactly 

4,d£o(z,2/) = 0. 

Similarly, we have 

(ad*, (a:) [ft*, A;*]*, fc) = (-[x,k],[h*,k*]*) = {S 1 {[x,k]),-h*»k*)] 

([h*,ad* Q (x)k*]*, k) = (6i(k), ft* ® ad*,(x)fc*) = ((1 ® ado(x))*i(fc), -ft* ® k*); 

([&d* (x)h*,k*]*,k) = ((ad (a;)®l)5i(A;),-/i*®fc*); 

<-ad*(ad*Jft»fc*,fc} = <[ad*„(ft>,fc],fc*> = (ad^ft*)*, ad*(fc)fc*} = (x, -[ft*, ad*(fc)fc*]*} 

= (Jo(aj), -ft* ® ad*(fc)fc*) = ((1 ® adi(fc))<J (a;), ft* ® k*). 

(ad*(ad^(fc*)x)ft*, fc) = (x, [fc*, ad*(fc)ft*]*} = ((adi(fc) ® l)5 (x), ft* ® fc*}. 

Therefore, Eq. 1|17J) holds if and only if 

5i([ar, fc]) = (1 ® ad (ir) + ad (a;) ® l)<5i(fc) - (1 ® adi(fc) + adi(fc) ® l)S Q (x), (33) 
which means that 

d^dSo(x, k) + d ad Si(x, k) = 0. 

Similarly, one can deduce that Eqs. ((T5)l and (|2"Tjl hold if and only if Eq. (152")) holds, and Eqs. (fTOjl 
and (|2UJ) hold if and only if Eq. holds. The proof is completed. ■ 

To summarize, we have: 
Corollary 3.8. Let g be a strict Lie 2-algebra. Then the following conditions are equivalent: 



17 



1. (g;So,Si) is a strict Lie 2-bialgebra; 

2. (g* , [•, •]*) with [■, •]* given by Eqs. (|29p - f)3 1 1) is a strict Lie 2-algebra and (g, g*; ad*, ad*) is 
a matched pair of strict Lie 2-algebras; 

3. (g* , [•, •]*) with [•, •]* given by Eqs. (HHJ) - ([31"]) is a strict Lie 2-algebra and (g © g*; g, g*) is a 
standard Manin triple with respect to the standard bilinear form (|27p . 

Remark 3.9 (Lie bialgebras as strict Lie 2-bialgebras). For an arbitrary Lie algebra t), it is obvious 

that () —t f) is a strict Lie 2-algebra. The degree part f) acts on the degree —If) via the Lie 

bracket. If (f), f)*) is a Lie bialgebra, it is easy to see that (f) f), f)* h*; ad*, ad*) is a matched 

pair of strict Lie 2-algebras, thus (f) » f); <5o, <5i) is a strict Lie 2-bialgebra, where <5o, o\ are both 
given by the Lie algebra structures on f)*. Thus the above provides a way to embed the category 
of Lie bialgebras in the category of Lie 2-bialgebras. 

3.4 Coboundary strict Lie 2-bialgebras and classical Yang-Baxter equa- 
tions 

In this section, we consider coboundary strict Lie 2-bialgebras, i.e., (5q,Si) is an exact 2-cocycle. 
For any 1-cochain (r, <ft) £ (g[— 1] ® g[— l])i © Hom(g , (q[— 1] © g[— l])o), we have (for notations, 
see Sect. EH)) : 

D{r,4>) = d®r + d ad r + c\®<i> + &(f> + d ad (f> 

= d®r + d ad r -d®o</>-0od + d ad 0, 

where 

d®r = (d ® 1 - 1 ® d)r € (g©g)o, 

d ad r € Hom(g , (g © g)_i) © Hom(g_i, (g © g)_ 2 ), 
d®o0+0od=(d©l + l©d)o0 + </>od € Hom(g ,(g©g)_i) ©Hom(g_i,(g©g)_ 2 ), 

4d</> G Hom(A 2 g , (g © g)- 2 ). 
Therefore, (<5o, S±) = D(r, <j>) for some 1-cochain (r, 0), we must have 

(d <8> 1 - 1 ® d)r = 0, (34) 

rfad0 = 0, 

S (x) = d &d r(x) +d®4>(x) = [x © 1 + 1 ® - d® o (35) 
<5 x (/i) = d ad r(/i) + d^) = [/K8>l + l«)/i ) r]-0(d/i). (36) 

Proposition 3.10. Lei <5o a^rf <$i &e given by Eqs. (|35[) and (136p /or some (r, 0) satisfying Eq. 

m- if 

[a <g> 1 + 1 <g> a, r + o-(r)] = 0, V a G g © fl-i, 

w/iere cr : (g © g_i) ® (go © fl-i) (go © 0-i) © (go © fl-i) is the exchanging operator, i.e., 
a (a ©/?) = /?© a, for any a, /3 £ go © Q-i, and 

<j>*{h* ®k*) + <t>*{k* ®h*)=0, 
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then the bracket operation [•, •]* defined by Eqs. (|29|) . (|3U|) and (131 J) are skew- symmetric. Under 
this assumption, we have 

[ft*,fc*]* = [h*,k*] r -d*(f>*(h* 0fc*), (37) 

[h*,x*]* = [h*,x*] r -<p*(h* <Z>d*x*), (38) 

where [ft*,fc*] r and [h*,x*] r are given by 

[h*,k*] r = &dr( h ,)k* - adr(fe.)/l*, 

[ft*,ar*] r = ad r (/j*)X* — ad,,^*)^*. 
Furthermore, [•, •]* : A 2 g!L 1 — s- glj satisfies the Jacobi identity if and only if 

[[h*,k*] r , l*] r - d*0*([ft*, k*] r , I*) - [d*^*(ft*, fc*), l*] r + d* <f>* (d* <f>* (h* , k*),l*) + c.p. = 0, (39) 
and [•, •]* : glj A g*, — > g*, satisfies the Jacobi identity if and only if 

[[h*,k*] r , X*] r + C.p. 

-4>*{[h*, fc*] r , d*x*) - <p*(d*[k*, x*] r , h*) - (f>*(d*[x*,h*] r , k*) 
-\d*(j)*(h*,k*),x*] r - [4>*{k*,d*x*),h*] r - [<t>*{d*x*, ft*), k*] r 

+c/)*{d*<j>*{h*,k*),d*x*) + 0*(d*</>*(fc*,d*x*),ft*) + <j>*(d*<j>*(d*x*,h*),k*) = 0. (40) 

Proof. First we have 

([h*,k*]*,l) = (<5i(Z),ft*0fc*) 

= ([Z®l + l0Z,r]-^(dZ),ft*<g>A;*) 

= ([/ ® 1 + 1 I, r],h* fc*) - (dl, 0*(Zi* fc*)). 

On the other hand, we have 

([k*,h*]*,l) = (<5i(Z),fc*0ft*) 

= ([Z®l + l®Z,r]-0(dZ),fc*0ft*) 

= ((ad/ 01 + 1® ad/)r, fc* ft*) - <d/, ft*)) 

= -{r, (ad;* 01 + 10 ad*)(fc* ft*)) - (dZ,0*(fc* ft*)) 

= -(r,ad*fc* ft* + fc* ®ad ; *ft*) - {dl, <p*(k* ft*)) 

= -<<r(r),ft* ®ad^fc* + adj*ft* fc*) - (d/, 0*(fc* ft*)) 

= {[I ® 1 + 1 ?,o-(r)],ft* fc*) - (d/, </>*(fc* ft*)). 

Thus if <j)*{h* ® fc*) + <p*(k* ft*) = and [Z 1 + 1 Z, r + a(r)] = for any Z 6 g_i, then 
we deduce that [■,■]* defined by Eq. (|29p is skew-symmetric. Similarly, one can prove that if 
0*(ft* fc*) + 0*(fc* ft*) = and [a: 01 + 1® a:, r + a(r)] = for any x <E g , [•, •]* defined by 
Eqs. ([50)) and ((51]) are skew-symmetric. 
By computations, we have 

([Z0l + l0Z,r],ft*0fc*) = (r,-ad*(ft*)®fc*-ft*®ad*(fc*)) 

= (r(fc*),ad*(ft*))-(r(ft*),ad*(fc*)) 

= -(ad ; r(fc*),ft*) + (ad ; r(ft*),fc*) 

= (ad r(fe »)Z, ft*) - (ad r (^.)Z, fc*) 

= -(l,w£(k*) h *) + (^ad*^,^*), 
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The second equality holds since [•, •]* is skew-symmetric. Thus [•, •]* : A 2 q*_ 1 — > g* x is given by 
Eq. (|37p . It is straightforward to deduce that it satishes the Jacobi identity if and only if Eq. (|39p 
holds. 

Similarly, one can prove that [•,•]*: gli A flg — ^ flo * s given by Eq. and it satisfies the 
Jacobi identity if and only if Eq. (|4T)]) holds. ■ 

We require d & d<j) = 0, in particular, we choose <j> = d ad x: for some r S 0_i ® 0-i- 

Proposition 3.11. If <j> = d ad t for some t 6 g_i (g> i/ien we /iaue 

5 (af) = [a<g>l + l<g>a:,r-d®t], <5i(/i) = [h <g> 1 + 1 <8> /i,r - d®t]. (41) 

Proof. Since D 2 = 0, we have 

d® o d ad r + d ad od®t = 0, 

which implies that 

d ad o d®r = d® o d ad r. 

Thus, we have 

5o(x) = d ad r(x) - d ad (d®t){x) = d a d(r - d®t)(a;) = [x <8> 1 + 1 ® a;, r - d®t]. 
Also by £> 2 = 0, we have 

d(d ad r)+dad(d®r) = 0, 

which implies that 

d ad r(d/i) = d ad (d®r)(/i). 

Thus, we have 

^ (ft) = d ad r(/i) - d ad t{dh) = d ad (r - d®t)(/i) = [fc <g> 1 + 1 ® /i, r - d®t]. 

The proof is completed. ■ 

The following well known conclusion can be found in [llj : 

Lemma 3.12. Let f) be a Lie algebra and 5 : f) — > f) ig) [j be a linear map. If there exists r € t) <g> f) 
smc/i i/iai 

£(a:) = [i <8> 1 + 1 ® x,r], Vief), 
and £/ien <5* : 1)* ® ()* — > f)* defines a Lie algebra structure if and only if r satisfies 

• [x(g>l + l(E)x,r + cr(r)] = 0; 

• [ir<g>l<g)H-l(g)a:<g>l + l<g>l<g)a;, [ri 2 ,n 3 ] + [r i3 ,r 23 ] + [ri 2 ,r 23 ]] = 0, 

where the above equations make sense in the universal enveloping algebra ofty and for r — ^&i<g>&i, 

i 

ri2 = / ] at <8> bj ® 1; r 13 = a% <S> 1 ® &»; r 23 = 7~T ® Oj bj. (42) 



20 



Remark 3.13. In particular, the following equation 



[ri2,r 13 ] + [ri3,r 23 ] + [r 12^23} = 



(43) 



is called classical Yang-Baxter equation (CYBE) in the Lie algebra rj. The corresponding matrix 
to a solution r of the CYBE is called a classical r-matrix. 

Theorem 3.14. Let q — (0o,0-i,d, [•, •]) be a strict Lie 2-algebra with two linear maps So and 5% 
given by Eq. (jlTjl for r e go ® 0-i © 0-i © 0o and r e 0_i ® g_r. Then (g; So, Si) is a strict Lie 
2-bialgebra if and only if the following conditions are satisfied: 

(a) [a ® 1 + 1 ® a, R + a(R)] = 0, 

(b) [a®l®l+l8a®l + l«l®a, [R 12 , R 13 ] + [R13, R23] + [-R12, #23]] = 0, 

(c) d®r = 0, 

for any a £ go © 0-1; where R = r — d®r = r — (d©l + l© d)t. 

Proof. Since (So, Si) = D(r,d a d4>) is an exact cocycle, by Theorem 13.71 we only need to show 
that [•,•]* given by Eqs. ([2"5]) . ([3^]) and (|3T|) define a semidirect product Lie algebra structure on 
0-i © 0o- The conclusion follows from Proposition 13.111 and Lemma T3. 121 ■ 

Inspired by this theorem, we correspondingly call the classical Yang-Baxter equations for R 
together with d®r = the higher classical Yang- Baxter equations (higher CYBE) for r and r. 

Remark 3.15. By Proposition 13.101 we have seen that for coboundary strict Lie 2-bialgebras, 
there are more general r-matrices, which are certain pairs (r, (j)). However, without requiring that 
4> ~ d a <iX, it is not easy to write down the equations that they need to obey. 

4 Constructions of strict Lie 2-bialgebras from left-symmetric 
algebras and symplectic Lie algebras 

In this section, we give explicit examples of strict Lie 2-bialgebras by solving the higher CYBE. 
These solutions are constructed from left-symmetric algebras and symplectic Lie algebras. We 
consider the case where both So and <$i are given by r € Qo © 0-i © 0-i © 0o, i.e. , 



By Theorem l3.141 if r is a solution of CYBE in 0o k 0_i and satisfies d®r = 0, then r gives a strict 
Lie 2-bialgebra structure on the strict Lie 2-algebra 0. 

4.1 Examples from left-symmetric algebras 

Definition 4.1. A left-symmetric algebra, A, is a vector space equipped with a bilinear product 
(x, y) — > x o y satisfying that for any x,y, z £ A, the associator 



is symmetric in x, y, i.e., 

(x, y, z) — (y, x, z), or equivalently, (ioi/)oz-io(!/oz) = (!/oi)oz-!/o(ioz). 



So{x) 
61(h) 



[x® 1 + 1 <8>x,r], 
[h®l + l®fc,r]. 



(x,y, z) = (x o y) o z — x o (y o z) 
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For any x £ A, let L x denote the left multiplication operator, i.e., L x (y) — x o y for any y G A. 
The following conclusion is known ( [55112111151110] ): 

Lemma 4.2. Let A be a left- symmetric algebra. The commutator 

[x,y]=xoy-yox, V x,y S A, 

defines a Lie algebra 8(A), which is called the sub-adjacent Lie algebra of A and A is also called a 
compatible left- symmetric algebra structure on the Lie algebra q(A). Furthermore, L : q(A) — > Ql(A) 
with x — > L x gives a representation of the Lie algebra g(A), i.e., [L x ,L y ] = L[ xy y 

Let L* be the dual representation of the Lie algebra g(A) on A*. Then there is a semidirect 
product Lie algebra structure [,-} s on q(A) © A* , which is given by 

[x + h,y + k] s = [x,y] + L* x k - L* y h. (44) 

We denote the corresponding Lie algebra by g(A) x l* A*. Let {ei, • • • , e„} be a basis of A and 
{e^;, • • ■ , e* } be the dual basis of A*. We have 

Theorem 4.3. 6 Let A be a left- symmetric algebra. Then 

n 

r = ^(e; ig> e* - e* <g> (45) 

is a solution of CYBE in g(A) \Kl* A*. 

This motivates us to construct (coboundary) strict Lie 2-bialgebras from left-symmetric algebras 
by constructing an explicit solution of higher CYBE: Let go = d(A), Q-i = A*. Then r e go ® 
0-i ©0-i <8>8o given by Eq. ([43)1 is a solution of CYBE in g(A) « t . A*. Comparing to higher CYBE 
we need to take care of one more equation: d®r = 0. This leads to the following proposition, which 
follows by a straightforward calculation: 

Proposition 4.4. Let A be a left- symmetric algebra and [•, -] s given by Eg. (|44p . If a linear map 
d : A* — > A satisfies 

(i) d[x,h] s = [x,dh] s , [dh,k] s = [h,dk] s ; 

(ii) (d ® 1 - 1 (g) d)r = 0, 

where r is given by Eq. (|45p . then r defines a strict Lie 2-bialgebra structure on the strict Lie 
2-algebra {g(A),A*,d, [•,•],). 

Example 4.5. It is obvious that d = satisfies conditions in Proposition \4-4\ i- e -> f or an D left- 
symmetric algebra A, (g(A), A*, 0, [•, -] s ) is a strict Lie 2-algebra and thus there is a strict Lie 
2-bialgebra induced by r given by Eq. (|45|) . 

In general, assume that 

n 

d ( e »*) = X! d v e i> i=1 r-- ,n. (46) 
Let M(d) = (dij) be the corresponding matrix. The following conclusion is straightforward. 
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Lemma 4.6. Let A be a vector space and d : A* — > A be a linear map. Suppose that r is given by 
Eq. (|45|) . Then (d <g> 1 — 1 <S> d)r — if and only if M(d) is skew-symmetric. 

Example 4.7. The 1- dimensional non-trivial left- symmetric algebra is isomorphic to the field, 
that is, there is a basis {e} satisfying e o e = e. In this case, it is straightforward to know that d 
satisfies Condition (i) in Proposition \4-4\ if an d only ifd = 0. 

The classification of 2-dimensional complex left-symmetric algebras was given in [5J [9] . 

Example 4.8. A non-trivial left-symmetric algebra with d satisfying Condition (i) in Proposition 
14.41 is isomorphic to one of the followings (we only give the non-zero products): 



Al. 


ei o ex 


= e 1; e 2 o e 2 = 


A2. 


ei o ex 


= ex : M(d) = 


A3. 


ex o ex 


= ex, ex o e 2 = 


A4. 


ex ° ex 


= e 2 :Af(d) = 


Nl. 


e 2 o ex 


= -ex, e 2 o e 2 


N2. 


e 2 o ex 


= -ex, e 2 o e 2 


N3. 


ex o ex 


= ex, e 2 o ex = 


N4. 


ex o e 2 


= iex, e 2 o ex - 


N5. 


ex o e 2 


= ex, e 2 o e 2 = 


N6. 


ex o ex 


= 2ex, ex o e 2 : 



a 
b 



0: 

, a, b £ 



0\ . _ 
a b )> a > beC -> 

ex, e 2 o e 2 = fce 2 , k 1 or e 2 o e 2 = e x - e 2 : d = 0; 

, 

a 



-a 
a 



, a e 



a —a 
a 

= 0. 



, a G 



Hence, type (N3) is the only case that M(d) is skew-symmetric and nonzero. Note that (N3) is 
associative. In addition, it is a Novikov algebra (a left-symmetric algebra with commutating right 
multiplication operators), which corresponds to the Poisson brackets of one-dimensional hydrody- 
namics [5|- Moreover, it gives the so-called "conformal current type Lie algebras" in terms of the 
Balinksy-Novikov's affmization [27]. 

Example 4.9. By the classification in the above example, it is straightforward to see that M 2 has 
the following left-symmetric algebra structure 

ex o ex = ex, e 2 o e x = e 2 , 

where {ex, e 2 } is a basis of R 2 . The corresponding Lie algebra structure (g(M 2 ), [•, •]) is 

[e 2 , ex] = e 2 o ex - ex o e 2 = e 2 . (47) 

The dual representation of g(K 2 ) on g*(R 2 ) is given by 

L* ei el = -el, L* ei e* 2 =Q, L* e2 e\ = 0, = -ej, (48) 
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where {e*, e 2 } is the dual basis. Any M(d) = q J ' a e ^ satisfies Condition (i) in Proposi- 

tion hi particular, let a = 1, then we have 

d ( e i) = ^ e 2, d(e|) = ei. 

Then we obtain a strict Lie 2-algebra (g(R 2 ),g*(R 2 ), d, [•, -] s ), where [•, -] s is determined by Eqs. 
(HH), (|4"T)) and l(4"8]). By Proposition 14.41 r given by (|4"5j) defines a strict Lie 2-bialgebra structure 
on the strict Lie 2-algebra (g(R 2 ), g*(IR 2 ), d, [•, -] s ). More precisely, we have 

So(ei) = [ei (8) 1 + 1 ® ei,r] = — r = ® ei — ei ® e* ® e2 — ea (8> e^, 

So(e 2 ) = 0, 

*i(el) = 0, 

<h( e 2) — e* ® e 2 — e 2 (g> ei. 

The dual complex of fl*(IR 2 ) -A fl(IR 2 ) is g*(R 2 ) d *-^ d g(K 2 ). The Lie 2-algebra structure [•, •]* 
on the dual complex is given by 

[ei,e 2 J =e 2 , [e^ej = e l7 [e 2 ,e 2 J = 

In fact, we have 

([ei,e 2 ]*,e^) = (<?i(e£),ei ® e 2 ) = 1, 
([ei, e 2 ]*, ej) = (<*i( e i)> ei <8 e 2 ) = 0, 

which implies that [ei,e 2 ]* = e 2 , the others can be obtained similarly. 



4.2 Examples from symplectic Lie algebras 

In the sequel, we consider the case that d is invertible. We find that it has a close relationship 
with symplectic Lie algebras, which leads to an unexpected construction of strict Lie 2-bialgebras 
from the latter. 

Let d : A* — > A be an invertible linear map such that M(d) is skew-symmetric. Then 

B d (x,y) = (d- 1 (x),y) (49) 

is a skew-symmetric nondegenerate bilinear form on A. Let (A, o) be a left-symmetric algebra. A 
skew-symmetric bilinear form uj on (A, o) is called invariant if to satisfies 

u(x o y, z) + lo(z o x, y) — oj(x o z,y) = 0, 

or equivalently, 

u>(xoy,z) = u([x,z],y), Vx,y,z€A. 

Proposition 4.10. Let [A, o) be a left- symmetric algebra and d : A* — > A be an invertible linear 
map such that M(d) is skew- symmetric. Then (q(A), A*,d, [■, -] s ) is a strict Lie 2-algebra if and 
only if Bd is invariant. In this case, r given by Eg. (|45p gives rise to a Lie 2-bialgebra structure. 
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Proof. (q(A), A* , d, [•, -] s ) is a strict Lie 2-algebra if and only if d satisfies 

d[x,h]. = [x,dh]„ (50) 
[h,dk]. = [dh,k]„ (51) 

for any x £ A,h,k £ A* . Set dh — y, dk = z. Then Eq. (gDJ holds if and only if 

B d ([x,y] s ,z) = B d ([x,dh] s ,z) = B d (d[x,h] s ,z) = ([x,h] a ,z) = (h,-xa z) 
= B d (dh, -x o z) = -B d (y, x o z) = B d (x o z, y), 

which is exactly the condition that B d is invariant. On the other hand, Eq. (|51[) holds if and only 
if 

B d (y, z o x) — (h, dk o x) = ([h, dk] s ,x) = ([dh, k] s ,x) = —(k, dh o x) = —B d (z, y o x). (52) 
It can be obtained if B d is invariant: 

B d (y,zox) = -B d (zox,y) = -B d ([z,y],x) = B d ([y,z],x) = B d (yox,z) = -B d (z,yox). 

Hence, the conclusion holds. ■ 

Let () be a Lie algebra, recall that a skew-symmetric bilinear form u is called a 2-cocycle if oj 
satisfies 

u([x,y],z) +uj([y,z],x) +w([z,x],y) = 0, V x,y,z € t). 

A symplectic Lie algebra is a pair (f),w), where t) is a Lie algebra and to is a nondegenerate 
2-cocycle. The following conclusion is given in [*H] : 

Proposition 4.11. Let (f),w) be a symplectic Lie algebra. Then there exists a compatible left- 
symmetric algebra structure " o " on f) given by 

uj(xoy,z) = -to(y,[x,z]), Vx,y,z£t). (53) 

Moreover, the Lie algebra f) is the sub-adjacent Lie algebra of this left- symmetric algebra. 

Proposition 4.12. If 'to is an invariant skew- symmetric bilinear form on a left- symmetric algebra 
(A,o), then to is a 2-cocycle of the sub-adjacent Lie algebraQ(A); Conversely, if(t),u>) is a symplectic 
Lie algebra, then to is invariant with respect to the compatible left- symmetric algebra structure given 
by Eq. 

Proof. If to is invariant on (A, o), then we have 

u(x oy,z)- u)(y ox,z) = io([x, y], z) = to([x, z],y) - to([y, z],x). 

So to is a 2-cocycle of the sub-adjacent Lie algebra q(A). The second half part is obvious. ■ 

This shows that a left-symmetric algebra with a nondegenerate (skew-symmetric) invariant 
bilinear form is equivalent to a symplectic Lie algebra. 

Summarizing the study in this section, we have the following result. 

Theorem 4.13. Let A be a left- symmetric algebra and d : A* — > A be an invertible linear map 
such that M(d) is skew-symmetric. Then the following conditions are equivalent: 
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1. (q(A), A*, d, [•, -] s ) is a strict Lie 2-algebra; 

2. The bilinear form induced by d through Eq. (|49J) is invariant on A; 

3. The sub-adjacent Lie algebra q(A) is a symplectic Lie algebra with the symplectic form 
induced by d through Eq. (|49|) . 

Corollary 4.14. Let (f),w) be a symplectic Lie algebra. Denote by (A, o) the corresponding left 
symmetric algebra. Then (q(A) — I), A* , d, [-, -] s ) is a strict Lie 2-algebra, where [•, -] s is given by the 
semidirect product Lie algebra structures on g(A) Kl* A*, in which the compatible left- symmetric 
algebra structure is given by Eq. (|53p . and d is given by Eq. (|49[) . Moreover, r given by Eq. (145P 
defines a strict Lie 2-bialgebra structure on (q(A), A* , d, [•, -] s ). 

Example 4.15. The study of symplectic Lie algebras is fruitful. In particular, there is a bialgebra 
theory of left-symmetric algebras which are equivalent to a special class of symplectic Lie algebras 
that are decomposed into a direct sum of two Lagrangian subalgebras [7] . In the simplest case, for 
any left-symmetric algebra (A, o), there is a natural symplectic Lie algebra structure on A © A* 
whose Lie algebra structure is given by g(A) x^* A* and the symplectic form is given by 

u} p (x + a*,y + b*) = {a*,y) - (x,b*), V x,y G A, a* ,b* G A* . (54) 

The compatible left-symmetric algebra structure, which we denote by o, on this symplectic Lie 
algebra defined by Eq. (|53|) is given by 

xoy = x o y, xoa = &a x a , a ox — &d x a — L x a , a ob = U, (55J 

for any x, y G A, a*,b* G A*. Set A = A © A*. Let {ei, •• • , e„} be a basis of A and {el, ■ • ■ , e*} 
be the dual basis on A* . Let {/i, • • • , /„, /*, • • • , /*} be the corresponding dual basis on A* , i.e., 

{fi,e j ) = S ij , (f i: e*)=0, (f*,e ] )=Q, {f*,e*)=5 ij . 

By the definition of the symplectic form oj p , we can deduce that d, which is determined by Eq. 
(|49[) . is given by d(/i) = e* and d(/*) = or in terms of matrix, we have 




By Corollary 14.141 there is a strict Lie 2-algebra (0(A), A*, d, [■, -] s ), where [•, -] s is given by the 
semidirect product Lie algebra structures on g(A) K l*^ A* associated to the left-symmetric algebra 

^ A 

structure (f5"5"j) on A. Thus, r = J2i( e i ® /» + e i ® /i* — fi ® e i — ft ® e *) gives rise to a strict 
Lie 2-bialgebra structure on it. Note that this construction holds for any left-symmetric algebra 
without any constraint condition, which is regarded as a construction of strict Lie 2-bialgebras 
from the "twice double spaces" of left-symmetric algebras. 
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